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Abstract 

In this paper, we prove the asymptotic stability of solitons to ID nonlinear Schrodiger 
equations in subcritical case with some spectral assumptions. Although pure power nonlin¬ 
earities are not included in our theorem because of the failure of spectral hypothesis, our 
work throws light on how to deal with weak nonlinearity. Since dispersive methods mostly 
need a high power nonlinearity, we develop a commutator method which dates back to the 
work of S. Cuccagna, V. Georgiev, N. Visciglia [1]. 
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1 Introduction 

In this paper, we consider the following nonlinear schrodinger equation (NLS), 

f iut = -Au-F{\u\‘^)u 
[ u{h,x) = Uh{x). 

where u:[/i,oo)xM^C. The asymptotic stability of solitons states that for any solution of 
NLS with initial data near some soliton tends to a modulated soliton and a dispersive part with a 
remainder small in time. This is best known for completely integrable equations for instance the 
cubic NLS in one dimension. The basic tool for this case is the inverse scattering. For general 
nonlinearities, the first asymptotic stability was obtained by A. Soffer and M. 1. Weinstein m 
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in context of the equation 


iut = — I^u + \y{x) — \u\^ (1.2) 

There has been a lot of succeeding works in this direction such as E. Kirr, A. Zarnescu m,s. 
Gustafson, K. Nakanishi, T.P. Tsai [S], and M. Tetsu [TH]. Since dispersive method mostly fails 
for subcritical nonlinearities, the asymptotic stability for (11.211 with subcritical nonlinearities 
is largely open. In this direction, E. Kirr, O. Mizrak [9] partly solves the problem in three 
dimensions for equation (II. 2p . Moreover, their results exclude the case K = 0. 

In Buslaev and Perelman [3], under some spectral assumptions, they proved asymptotic 
stability for (HID with some special nonlinearities, indeed they require E to be a polynomial 
with degree more than four. Their work was extended to high dimensions in Cuccagna [5]. Then 
Perelman m and I. Rodnianski, W. Schlag, A. Soffer m established the asymptotic stability 
for multi-solitons in high dimensions was proved. 

In another direction, asymptotic behaviors of solutions to super-mass critical NTS equations 
were studied. Since in this case, blow-up phenomenons occur, we can not expect asymptotic 
stability for all data. In m. Schlag proved that locally around each ground-state soliton there 
exists a codimension-I Lipschitz submanifold of n q£ jj^itial data that lead to 

global n VE^d solutions to NTS. These solutions tend to a modulated soliton and a dispersive 
term. Cuccagna [6] obtained a set of asymptotic stable solutions forming a codimension-1 initial 
data set without manifold structure for mass-super critical one dimensional NTS. Beceanu [T] 
studied cubic NTS in three dimensions, it was proved that there exists a codimension-1 real 
analytic manifold Af such that for any initial data in Af (|l.lll has a forward global solution 
which decomposes into a moving soliton and a dispersive term. 

There are three main factors affecting the study of asymptotic stability, namely potentials, 
dimensions and nonlinearities. Since the solitons of equation (II.2p arise as a perturbation of the 
eigenfunctions of the operator —A -|- V, in contrast to the case of NTS equation, they have a 
fixed center, which makes the analysis partially easier. Besides the effects of the potential term, 
dimension plays an important role in proving asymptotic stability. Generally, because of the 
weaker decay of linearized operator in one dimension compared with high dimensions, the one 
dimension case is more difficult. The lower the power of nonlinearity is, the less decay we can 
gain, which makes the subcritical nonlinearity harder. 

The degree restriction in [3] is used to offset the weak decay estimate of the linearized operator. 
Moreover, it seems impossible to remove the degree assumption only by dispersive estimates. In 
this paper, we aim to extend the result of [3] to subcritical nonlinearities. In order to deal with 
low degree nonlinearity, we develop a commutator method, which dates back to the work of S. 
Guccagna, V. Georgiev, N. Visciglia [3j. 
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First of all, we give the definition of solitons. 

Definition 1.1. When nonnegative radial funetion and a{t) = {/3,uj,b,v) satisfy 

A(p = 0^99/4 — 

fd' = u),u)' = 0, b' = v,v' = 0, (1.3) 

then w{x;a) = exp{—ifi + i^r;x) 99 (x — h\a) is a solution to (1.1), where u = \{v‘^ — a^). We 
eallw{x\a) solitons. 

p —1 

It is known that when F[x) = \x\ 2 , p is mass-subcritical, 99 exists and it decays expo¬ 
nentially at infinity, (see Berestycki and Lions [2] where a larger class of nonlinearity was 
considered) 

As in [3]. the linearization of (1.1) around the soliton w{x,t;a) is 

idtX = -Ay -h F{\wf)x + F'{\w\^)w{wx + wx) 

If we denote 

X{x, t) = exp{i^)f{y, t), = -/3(t) -h -vx, y = x-b, 

then function / satisfies the equation 


idtf = L{a)f, 


where 


L(a)/ = -A/ + aV/4 + F{p^)f + F\p^)p\f + f),p = ip{y, a). (1.4) 

For dUD, we consider its complexification: 

idtf = H{a)fJ=UJ)\ 

H{a) = Hoia) + V{a),Ho{a) = {-Ay + 

V{a) = [F{ip^) + ^'( 992 ) 99^3 + iF'{p^)y?e2, 

where 62 and ^3 are the matrices: 



There are four known generalized eigenfunctions denoted by ^ 2 ) ^ 3 ,^ 4 } for eigenvalue zero 
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to H{a), where the two radial functions are 


6 



V2 

V2 


,-(;i = -iip{y;a),V2 


Q. 


Moreover, = 0, i?(a)6 = (6,6) = 0. 

We have the following assumptions about the nonlinearity F. 

Assumption A: 

(i) There exists a soliton with exponential decay. Equation (jl.ip is globally wellposed in 
and the solution u{t) satisfies ||M(t)||j |^2 < C{\\uh\\H^); 

(ii) There exist m,n > ^ such that for A; G {0,1, 2,3,4}, 


ik 

jk 


. . ^ —1 U 

< |x| 2 ^ if |x| < 1, 


. . n — l i, 

< |x| 2 , if |x| > 1. 


(in) The linearized operator H (a) has zero as its only eigenvalue with generalized eigenfunction 
space spanned by {6,6,6,6}, iio resonance and no embedded eigenvalues in its continuous 
spectrum. 

Remark 1.1 If we restrict ourself to power functions, roughly speaking, {ii) means the lowest 
degree of A is which improves the result in [3] where the degree of F is assumed to be at 
least four. 

Remark 1.2 Although {Hi) is widely assumed in the papers studying asymptotic stability, as 
we know, for pure power nonlinearity namely F{x) = x\ {Hi) fails. However there are some 
possible remedies to deal with the case when more than one discrete spectrum occurs, such as 
the so called “ Fermi Golden Rule” hypothesis (FGR) introduced by Sigal [15]. 

Remark 1.3 If we assume n < 5, then {i) is naturally satisfied. Meanwhile {i) may holds for 
combined nonlinearities, hence we use (i) instead of n < 5. 

Before going to the main theorem, we give a proposition on the wellposedness. The proof is 
presented in Appendix A. 

Proposition 1.1. For F satisfying Assumption A, if the initial data Uh G satisfies + 

|x |)^||2 < oo, then there exists a unique solution u{t) to equation M.l\) . furthermore, we have 


u{t)\\H 2 <C, ||u(t)(l + |x |)||2 < C'(l + t), ||u(t)(l + |x |^)||2 < C(1 + t^). 


Define ||rt||j] = ||'u||j :^2 + |||x| dxu \\2 + 
Our main theorem is the following: 


I |2 
X U 


. From now on, we only consider radial functions. 
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Theorem 1.2. w{x;ao{t)) is a soliton solution to (1.1), ao = (/3o, wq, 0,0), satisfying ^||v^||| 7 ^ 
0 at ao, where —~ ^0 (Hypothesis B). Suppose that h is sufficiently large. If the radial 
initial data Uh in Proposition 1.1 satisfies \\uh — iTo(0))||s “C 1, then there exists a soliton 

w{x;a+{t)) such that u{x,t) decomposes as 

u{x,t) = w{x\a+{t)) + x{t), 
where ||x(i)||oo < Ct~^~^^ with s = I"*". 

The whole proof is divided into five steps. In the first step, we split the solution into a modu¬ 
lated soliton and a remainder term. Second, we introduce the commutator operator and impose 
some suitable orthogonal conditions to the remainder. Third, we give the precise definition of 
the fractional power of the linearized operator and construct the following inequality 

llxiloo < Ct-^\\Jvit)\^x\\L^Ll, ( 1 - 5 ) 

where |Jy(t)|^ is the commutator operator having the form U{t)PH{a{t)Y^‘^U{—t) defined in 
Section 3. In step four, we derive the equation for \Jv{t)\^u. In the last step, we apply the 
Strichartz estimates and bound |||</\/(i)|®xllLj”L2! which combined with inequality (|1.5I) imply 
the decay of the remainder term, thus accomplishing the proof of the main theorem. 

The core of our proof is (|1.5p . because (|1.5p fills the gap between the weak decay resulting 
from dispersive effects in one dimension and the desired decay to the remainder. In fact, if we 
use dispersive estimate to bound the remainder, the best rate is t~ 2 . But it even cannot provide 
the existence of the limit to the modulated soliton. However, can supply a decay as fast 
as you need, which is the ultimate advantage compared with dispersive methods. 

There are two main difficulties in the establishment of ()1.5p . The first is how to give a proper 
definition of H{aY^'^. We notice that it is not a trivial thing, since H{a) is not an m-accertive 
operator, and more importantly, zero is its eigenvalue. The second difficulty is how to prove 
(HSI). A similar estimate for Schrodinger operator is given in [3] by inverse scattering theory. 
There are two key differences in our case. First, in [3], no discrete spectrum occurs, however, 
H{a) enjoys four dimensional generalized eigenfunction space. Second, H{a) corresponds to 
the inhomogeneous Sobolev space. Although the last difference leads to a faster decay, the first 
distinction makes the problem more difficult. 

To overcome aforementioned difficulties, we develop some functional analysis method, which 
highlights the power of functional calculus. Specifically speaking, in order to get (lESl), we aban¬ 
don inverse scattering theory, instead, we translate the problem to the corresponding estimate 
of the inverse of H{aY^'^, which reduces the problem to resolvent estimates. As to resolvent 
estimates, we apply a perturbation technique to obtain the decay of resolvent (A — H{a))~^, 
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when A is sufficiently large. Although we cannot prove a similar decay for small A, we can still 
solve our problem since 0 is not a singular point in our definition of It is important 

that p.Sp remains valid only for x satisfying U{—t)x £ Pc{H{a)), where Pc is the projection to 
the continuous part of H{a). Hence orthogonal conditions should be added to y. This condition 
is quite different from the usual, which is assumed to guarantee that the remainder belongs to 
the continuous spectral part of H[a). As soon as we establish (|1.5p . the main theorem follows 
from the study of modulation equation and Strichartz estimates. 

The paper is organized as follows. In Section 2, we give the orthogonal conditions and derive 
the modulation equation. In Section 3, we define the fractional order derivative of the linearized 
operator and commutator operator iJyl®. In Section four, we get the equation of |Jy|®n and 
establish the nonlinear estimates from which the proof of Theorem 1.1 follows. 

For convenience, (/,/)* is simplified as / or /. 


2 Orthogonal conditions 


Define 


where M{t) = The definition of {H{a{t)yP is given 

the fact that H{ayP^i = 0, and {H*{a)yP6‘i = 6 :iH{ayP. 
We assume the solution to (1.1) is of the following form: 


M{-t) 

M{t) 


/, 


in Section 3. Here, we only need 


u{x, t) = w{x; cr{t)) + x(x, t),w{x] cr{t)) = exp{—if3{t))(p{x, a{t)), 

where (T(t) = {/3{t),uj{t),0,0) is not a solution of (|1.3I) in general. Define x(x,t) = exp{—ij3{t))f{x,t), 
f = ifJY and 

). 

V v(-<) / 

then we impose four orthogonal conditions to /, namely for i = 1,2, 


ui-t)f,e3^i) = o 


( 2 . 6 ) 


and 


(|Jy|V>(i)03e*) = O, (2.7) 

where means 
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In fact, (I2.7P is a consequence of (I2.6I1 . Since {H*{a)Y ^‘^63 = it holds 

(i j^r/, f (u{-t)Y 

From = 0, we obtain 

{u[-t)f,eYH{a)Y'\^) = Q■, 

Thus the orthogonal conditions are reduced to 




( 2 . 8 ) 


The existence of a{t) follows from the following lemma. 

Lemma 2.1. If h is sufficiently large, xW is small in if norm, then there exists a{t) = 
(/3(t), a;(t), 0 , 0 ) such that h 2 .^) holds. 

Proof We first prove it for t = h, namely finding appropriate a and /? such that 


u(x, h) — e a) 

u{x, h) — a) 


o-iP 


JP 




u{h)eMa)) = 0 . 


This solvability is a consequence of the non-singularity of the corresponding Jacobian. Indeed, 
using \M{t) — 1| < Xh is small in L^, h is sufficiently large, the main term of the Jacobian 

is 

e 0 \ 

0 s J 

where e = -i-^ ||(/?(x; a)|| 2 , s = —e and s are nonzero by Hypothesis 
B, thus we have proved our lemma when t = h. 

Second we show the existence of cr(t), but this follows from the same argument in the remark 
after Proposition 1.3.1 in [3]. 


2.1 The system of equations for parameters 

Define Y{t) = f^a;(A)dA + 7 , then we rewrite (1.1) in terms of /: 

ift = L(a(t))f + N{(p, /) - 7 '/ - 7 V + iui'-ipa, 

a 
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where N{ip, /) = F{\ip + f\‘^){ip + /) - F{ip‘^)ip - Ficp"^)/ - F'{ip^)ip^{f + /). By ([22]), we have 

Im(/,M(iK) = 0. (2.9) 


Lemma 2.2. If ||/||oo is sufficiently small, then 


i7'i + i^'i < cmt + ii/C”' ii/iu+ii/c' ii/iin + 


i 2 


+ 


Proof Differentiating (j2.9p . we get 


Im / ij'ip + uj'—^pa, M{t)vi) + Im {f,M{t)daVi) oj '—h Im {—iL{a{t))f,M{t)vi 
\ a / a 

+ Im(-iN((p,f),M(t)vi} +Im(iyf,M(t)vi) + Im = 0. 


( 2 . 10 ) 


Direct calculations give 


/, jM(t)n 


< t 


-2 


( 2 . 11 ) 


Because of the orthogonal conditions (12.8|] . equation H{a)f 2 = and the obvious commutator 
inequality, we have 


\lm {-iL{a{t))f,M{t)vi)\ = 


H{a{t))f,U{t)e3Vi 
f,U{t)H*{a{t))e3V,) + 
f,U{t)e3H{a{t))vi'^ + 
f,[U{t),H*{a{t))]93Vi 


f,[Uit),H*{am93V, 

f,[U{t),H*{am93V, 


< t 


-1 


Combined with (12.101) and (|2.11l) . it follows, 


+ 02(/) + t-'||/||^ + t-^||/||^, (2.12) 

where Oi is the linear term of /, O 2 is the quadratic term of /, and O 2 < C'd/I™ + + 

l/l” + \(p\'^~‘^\f\‘^). Thus we have proved our lemma. 






























2.2 Reduction to time-independent linearized operator 

Fix time ti > h. Suppose that = wi, /3(ti) = /3i. Define oji = — 7 i = /3i — witi, 

= —ojit — 7 i. Let X = t), then g satisfies 

igt = L{ai)g + D. 


The function D is given by 


D — Dq + D\ + D2 + D3 + D4, 

Do = e“*^[-7V(a) + — wVq:]) D = $1 - 

a 

Di = [F{g?{a)) + F'{^p‘^{a))^p^{a) - F{g?{ai)) - F'{ai))ip^{ai)]g, 

D2 = F'{p,\a))p,\a)[e-^^^-l]g, 

D3 = [F'{(p‘^{a))(p‘^{a) - F'{(p‘^{ai))ip'^{ai)]g, 

D^ = e-^^N{ip{a)y^g). 

The equation for g = {g,gY is 

igt = H{ai)g + D. ( 2 . 13 ) 


3 Fractional order derivative of H{a) 

For a > 0, recall the linearized operator H{a). Define r = and 


Rn = 


—A + r 


A — T 


With these notations, the potential term in H(a) is given by H(a) = Hq + V, where V can be 
written as 

/ ti -ti \ 

V ti -Fi J ■ 

The explicit formula for the kernel of ffo and Young’s inequality yield 
Lemma 3.1. For 1 < p < 00 , A G C\[(— 00 , —r] |J[r, 00 )], 


(Ro - A)-' 


p^p 


< Cl [(ReV—A + t) ^ + (ReVA + t) ^]; 
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and for 2 < p < oo, 


{Ho - A)-' 


< ci[(Re\/r — A) 

2 —^p 


p + (ReVA + r) 2 p]. 


Lemma 3.2. Let A E C\[(— 00 , —r] |J[t, 00 )]. //[Re-^(—A + r)]^ > 4ci||R||oo and [Rei/(A + r)]^ > 
4ci||R||oo; 1 < P < 00 , then 


||(R'(q;)-A) ^Wp^p < c[(Re\/r - A) ^ + (ReVA + r) ^], 


where c is independent ofV. 
Proof Formally we have 


{H{a) - A)-' = (/ + {Ho - A)-V)-'(Fo - A) 




Precisely, if 
Moreover, 


{Ho - A)-V 


p-j-p 


< i, then by Neumann series the above formula makes sense. 


{Ho - A)-V 


< 


p^p 


{Ho - A) 


-1 


p^p 


< Cl [(ReVr — A) ^ + (ReVA + r) 


-2 


Hence if (ReV^" — A)^ > 4ci||R||oo, (ReVA + r)^ > 4ci||R||cxd, we have 


{H{a)-X)-^ <2 

p-)-p 

For 0 < s < 2, X G H'^, define 


{Ho-X)-^ < c[(ReVV^)-2 + (ReVATV)-^]. 


p-)-p 


H(ayHx = — [ Xi-\X-H{a)y^H{a)xdX. 
2m Jy 


(3.14) 


where 


F = 7 i^+ U 72 ,+ U 7 i,_ U 72 ,-, 7i,±(i) = t + a± iet,t > 0, 72 ,±(t) = -t - a ± ie, t > 0. 

See Figure 1 for the shape of F and the two connected branches of F are anticlockwise oriented. 
Here a > 0 is some appropriate constant close to r excluding discrete spectrum of H{a) in the 
interior of F, and e is sufficiently small to ensure 7 i,±(t) and 72 ,±(t) he in some single-value 
branch of R is a direct corollary that H{aY^‘^x = 0 if x lies in the discrete part. The 

integration is well-defined for each x E H^ , because of Lemma 13.21 Similarly, we define H^"^. 
For /? < 0, define 

[H{a)yx = — [ xyx- H{a))-^xdX. 

2m Jy 
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For each x E the integration is well-defined due to Lemma 13.21 



Figure 1: curve F 

Lemma 3.3. Denote Ti. as the continuous spectral part of H{a) in L?‘, then in T-L 

Proof Step one. We claim [Lr(a)]“^ is exactly the inverse of H{a) in T-L. It suffices to prove 

1 


- / = Pc{H{a)). 

2 m Jy 


(3.15) 


For simplicity we denote ^i(a) (C 2 («)) by z {y respectively). Then the discrete part of H{a) is 
spanned by {z,y} and H{a)z = 0, H{a)y = iz, it is easily seen 


H{a){X - H{a))~^X-^zdX = 0 


y (A - Hia))-^X-^H{a)ydX = JiX-^zdX = 0. 


In other words, it vanishes in discrete part of H{a). Let 


1 


L = - / H(a)(X- H(a))-^X-^dX, 

2 m Jy 


then in order to prove (I3.15p . we need to check the following two things: 

(i) L is a projection; 

(ii) (Lu, 9‘j,w) = 0, for each u E and w belonging to the discrete part of H{a). 
First we show (ii) is correct. Indeed, 


H{a){X — H{a)) ^X ^dXv,93W 


r 

= L 


,j H{a)*{X- H{a)*) 
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= ( V 


= 0 . 


;,03y H{a){\-H[a))~^\-^wdX 


Second, we prove (i) is valid. 



Figure 2: curve F and F' 


Taking curve F' (see Figure 2) 

F' = 7 i^+ U 72 ,+ U 7 i,_ U 72 ,-, 7i,±(i) = t + a' ± iet, t > 0, 72,±(i) = -t - a' ± iet, t > 0, 
where a < a' < t, we will show 


I, 


H{a){X-H{a))~^X-^dX= I H{a){X - H{a))~^X-^dX. 




Indeed, for /3 < 0, we can prove 


Denote 


L 


X^{X- H{a))-^dT 



X^{X- H{a))-^dX. 


(3.16) 


ri,n = {—i — a + ite : 0 < t < n} U {—t — a — its : 0 < t < n} 
r^i,n = {—t — a' + its : 0 < t < n} L) {—t — a' — its : 0 < t < n} 

7i,„ = {—n + it : —s{n + a) <t < —s(n + a')} U {—n + it : s{n + a') < t < s{n + a)}, 

where 71 ,^ is oriented downward, Fi,„ and F'i,„ are oriented anticlockwise, (see Figure 3) Then 
from the analyticity of resolvent, 

[ X^{X-H{a))-^xdX- f X^iX-H{a))-^xdX+ [ X^{X - H{a))-^xdX = 0. 

'^'yi,n 
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Figure 3: curve Fgn, F'^ and 7 ^,, 


Since F and F' are symmetric respect to y axiom, it suffices to prove 


lim 

n—>-oo 



X^{X- H{a))-^xdX = 0. 


From the decay of resolvent, for n sufficiently large, we have 


A^(A - H{a))-^xdX 


' 11,n 


< 


< 


^-£(n+a') 

' —£(n+a) 
^-£(n+a') 

' —£(n+a) 


j-ein+a) 

{—n + it — H{a))~^x \—n + it\°^dt+ / {—n + it — H{a))~^ 

P ^£:(n+a^) 

^Re\/ X± (it — n)j \—n + it\'^dt\\x\\p + j ^Re\/A ± (it — n)^ 


Since as n ^ 00 , arg (A ± {it — n)) ~ ± arctane , we find ^ReA ± (it — n)^ 
immediately leads to (I3.17|) . Then we have 


-2 


H{a){X-H{a))-^X-^dX 


H{a){X - H{a))~^X-^H{a){y - H{a))~"y-^dXdy 

A-V 




rJr' 


rJr' 


H{aY 


{X — H{a)) ^ — {y — H{a)) ^ dXdy 


-1 


fi — X 

= 2TTi f H{aYy~^{y — H{a))~^dy 

Jr' 


= — 27ri / y '^H{a)dfjL + 27ri I y ^{y, — H{a)) '^H{a)dy 


-It 




IF' 


IF' 


2'Ki i y ^{y — H{a)) ^H{a)dy 
Jf' 


(3.17) 


\—n + 
p 

2 

\-n + R|"(it||x||p 
n|~^, which 
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= 27rz J H{a){X- H{a))~^X-^dX. 

Thus L is a projection. 

Step two. We prove for each 7 , /3 < 0, 

[ff(a)]’+'’ = [H(a)V\H{a)\l>. (3.18) 


From (13.161) . we deduce 

[H{a)]^[H{a)fx ={t - H{a))~^dpi [ X^{X - H{a)y^xdX 
{2mY Jy Jr 

= H{a))~^{X-H{a)y^xdXdp 

(2mY Jy Jy' 

= 7 ?^ f y- H{a)y^dp [ ^y^xdX- f {X-H{a)y^ [ ^^^xd^ 

{2mY Jy Jr' ^ Jv Jv - X 

= ^- ! {X- H{a)y^Xf^+^xdX 

ZTT'i JY' 

= [H{ay+y. 


The following two steps are standard (see A. Pazy m), but for completeness, we give a sketch. 

Step three. In this step, we define [H{a)Y for 7 G M, and extend (I3.18P to 7,/3 G M. 

From step one, we find [H{a)]~^ is one to one in TJ. Therefore, for any integer n > 1, [H{a)]~^ is 
one to one. Suppose [H{a)Yx = 0 and take n > |a|, then from Step two, we have [FI(a)]“”'x = 
[H[H{a)YX = 0. This implies a: = 0. Thus [H{a)Y is one-to-one and we can define 
as {[H{a)Y)~^. We claim [H{a)Y[H{ayx = [H{a)Y~^^x for 7 ,/3 G M and 
X G D{[H{ay), where 6 = max( 7 ,/ 3,7 -|- /3). Indeed, for example, when 7 > 0, /3 < 0, 

7 -|- /3 > 0, for X G D{[H{ay), in order to verify [Hx = [H{a)Y[H{ayx, it suffices 
to prove [H{a)]^x = [H{a)y'^[H{ay~^^x. Let y = [H{a)Y^^x, then it is equivalent to prove 
[H^yy^y = [H{ay[H{a)]~^~^y, which follows quickly from Step two. 

Step four. In this step, we finish our proof. From Step three, [H{a)Y/‘^ = [H{a)][H{a)Y^‘^~^ = 
H{a)[H{a)Y^^~^,hy the deHnition of H{aY^^, H{ay^^ = [H{ay^'^. Since = 

I, we obtain our lemma. 

Lemma 3.4. For 2 < p < 00 , it holds 


Proof It is easy to see 


Hiay/y - Hff 


< c 


(3.19) 


(A - H{a)y^ - (A - Ho)-^ = (A - F(a))-V(A - 
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Therefore, from ()3.14p . we have 


H{a)i = j 

r 

= j if(a)A-^+t (^(A - H{a)y^ - (A - dX + H{a) j A-^+i(A - Hoy^X 

r r 

= J H{a)x-^+^x- H{a)yW{x- Hoyyx+{Hoy + v j x-^+i {X - Hoyyx 

r r 

= - j [X-H{a))X-^+yX-H{a)yW{X-Hoy^dX + V j X-^+yX- HoyUx 

r r 

+ J x^ix- H{a)y^v{x- Hoyyx+{Hoy 

T 

= j XyX-H{a)y^V{X-Hoy^dX+{Hoy 

Ti 

Define 


Ti = rn{iReVy^f > 4ci||y||^, (ReVAT7)" > 4ci||R||^} , 
Ta = rn {(ReV^^)' < 4ci||R||^, (Re^AT^)" > 4ci||R||^} , 
Ta = Tn{{ReVy^f > 4ci||R|U, (ReVIT^)' < 4ci||R|U} , 
r4 = rn {(ReV^^)' < 4ci||R|U, (ReVIT^)" < 4ci||R|U} > 


then from Lemma 13.21 Lemma l3.11 when 4 -|- 1 = 1 we have 

Q P 


f XyX-H{a))-WiX-Ho)-ydX 

< /|A|^ 

{X-H{a))-^ 


(A - Ho)-^ 

J 

ri 

J 

2 Ti 





< I |A|§[(Rev/^) %(ReVAT7) "f\\V\y\fydX. 

Ti 

(3.20) 


The only singular point for f|3.20p is infinity. But at infinity, the integrand behaves like |A| 2 “ , 
which is integrable. Noticing that (Re\/r^^)“^ ~ |A| , (ReVA + r)“^ ~ |A|, as A —)• oo in L, 
the curve r 2 , La, r 4 are actually bounded. Hence the remaining three terms can be estimated 
by 


|A|2 iX-H{a)) 


-1 


2^2 


(A - Ho) 


-1 


{A:|A|<R}nr 


p^p 


JX 


15 






































<c’II^IUI/ll 


"p 


Lemma 3.5. For 1/2 < s < 2, 2 < p < oo, it holds 

\\p+\\f\\Hs<C\\Hffh 


Proof Prom Fourier transformation, it is easy to see is roughly (r —Indeed, applying 

Fourier transformation, we have 


F 


J^X2-\X-Ho)-^HofdX (k) 


T + |A:|^ 
r + \k\'^ 


—T — 
sl2 


fr ^ 


--1 

2 


A-(r + |/cn 


-1 




A + r + 




Hf)ik)dX 




/2 \F{f){k). 


-T- \k\ j J 


Standard Sobolev imbedding theorem yields ||/|L < C 


Hff 


Lemma 3.6. For f in the continuous spectral space of H{a), l/2<s<2,2<p< oo, we have 


Proof It suffices to prove 
Lemma 13.41 yield. 




<C\\H{aYl^fh. 


[H{a)] < (711/112, due to Lemma 3.3. Similar arguments as 

p 


< C 


A-./2+1(a _ Ho)-W{X - H{a))~^fdX 


<C |Ar"/"+^ (X-Ho) 




2 — 


(X-Hia)) 


-1 


,dX. 


2^2 


Applying Lemma 13.21 Lemma l3.ll and Lemma 13.51 using similar arguments in Lemma 3.4, we 
obtain Lemma 13.61 

Lemma 13.61 and the definition of | Jy|*n immediately yield 
Corollary 3.7. IfU{—t)u belongs to the continuous part of FI (a), 2 < p < oo then 

ll'^llpAi III'^fI '*^11 l2, 

where |Jy|^/ = U{t){t^H{a)Y/‘^U{—f)f. 

Denote the projection to the continuous part of H{a{t)) by Pi. Fix time ti > h, and denote 
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a{ti) by ai- Recall 


H{ai) 


-A+ 4 \ / Vi(ai) R2(ai) \ 

A-# y V ^2(ai) -Ri(ai) ) ' 


From Section 1, we know that the discrete spectral part of H{ai) is spanned by {^i(ai),^ 2 (ai)}- 
Moreover Ci(®i) ^ ?2(a(0)) as ai —>■ a{t). Define the projection to the 

continuous part of H{ai) as P 2 . Recall g in the decomposition of u{x,t) in Section 2. For 
simplicity, we sometimes write g as f. 

Lemma 3.8. // |ai — a(t)| <C 1, then for some constant C we have 


\\\Jv\^gh<C\\P 2 \Jv\^gh. 

Proof Suppose \ JvYg = P 2 \Jv\^g + + ^ 2 ^ 2 ( 01 )) then the orthogonal condition (12.71) 

gives 


t) = {\Jv\^g,U{t) 0 Ma{t))) 

= (I U{t)eMai)) + {\JvYg, U{t)e^Ma{t)) - e,(ai)]) 

= + O (|ai - a|) ||| Jv|*5'll2 

Therefore substituting the decomposition of \Jv\^f into the above formula yields 

/^2)ii < C 11 P 2 I +o (i«i - «i) ipFr5ii2 

<C\\P2\JvTg\\^ + 0 {\ai-a\)\\{hiM)\\ 

Thus if |ai — a{t)\ <C 1, we have 

\\{hl,h2)\\<C\\P2\Jv\^g\\2- 

4 Nonlinear estimates 

Define At = sup(||/||^ + ||/||„ + ||/|loo)(''')*) since s = I"*", then from Lemmawe have 

r<£i 

It'I + Iw'l < CW{M)t-^-^M^, (4.21) 

where IT (x) is some bounded function around zero. Thus 

sup \a{t) — ool < W{A4)A4‘^, 

T<tl 
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|a'| < 

\ait) - a{ti)\ + |fi| < W{M)Mh^-^. 

Furthermore if Ai is sufficiently small, then Corollary 13.71 and Lemma 13.81 yield 

M<C\\P2\Jv\^g\\L<rm- 


4.1 The equation for \Jv\'’g 
Denote 

then direct calculations imply 

Lemma 4.1. 


dtE2 = 


dt 


dt 


idtE2 - 


— A + T 


A — r 




Mit) 


M{-t) 




Lemma 4.2. 


idtE2 - 


— A + T 


M{-t) 




M{t) 




For potential term, we haye 

Lemma 4.3. 

[V.U{t)] = 


0 


V2[M{-t) - M{t)] 
For simplicity, we write H[ai) as K. 

a 


-V2[M{-t) - M{t)] 
0 


Lemma 4.4. If we define A = —U{t){lfiKy^^ [C, U{—t)] — \y, U{t)] t) 

that 

[idtE 2 - K,\Jvn = j\Jv\^ + -U{t) [x • V, u{-t) + A. 

Proof Lemma ll.ll to Lemma 14.31 yield 


lidtE2-K,lJvl‘ 


(4.22) 

(4.23) 


(4.24) 


, then it holds 
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= [idtE2 - K, U{t)] {t^Ky'^U{-t) + U{t) \idtE 2 - K, 

ix-V 




= T+\'^v\"+( V ) {t^Ky^^U{-t) 

2t' ' y M{-t)^-^ J 

.2 T^ \s/‘ij 


+ Uit){t^Ky^^ [idtE2 - K, Ui-t)] - U{t)] {fKy''^U{-t) + U{t)[idtE2 - K, {t^Ky/^]U{-t) 


ix-S/ 


M{t) , 
+ Uit){t^K) 


. „ ](yKy^^U{-t) + A + -\Jv\" + —\Jv\' 

Mi-t)^-^ r ’ t' 2i' 


,^,s/2 M(-t)(-^-^-^) 




,2t^\sI2 


{^Ky'^ui-t) 


t 






^+u{t){yKy/^( 


M{t) 




2*2 


= j\Jv\" + ^Uit) [x • V, {yKy^^U{-t) + U{t){yK) 


2r.^^/2 Mi-t)i-^) 


M{t) 


+ ^. 


2*2 


Since 


X 


■V,{t‘^Ky^^Ui-t) 

X ■ V, {t‘^Ky^^ Ui-t) + [x • V, Ui-t)] 

X ■ V, y^Ky^^] Ui-t) + ^ ^ 


-Mit) 


our lemma follows. 
If we denote 

then 


Bis) = s(it:)"/^+ x-V,iK) 


\s/2 


[idtE 2 - K,\Jvn = iU-^Uit)Bis)Ui-t) + A + F. 


(4.25) 


For Bis), we have 
Lemma 4.5. For r = I"*", 

\\Bis)gt<C\\g\y, 

Proof A small modification of the proof of Lemma 7.1 in [4] leads to 

Bis) = c J T^/^ir - K)-^V 3 iT - K)-^dT. 

where V 3 = 2F Ex-^V. Similar arguments as Lemma fd . 4 1 yields our lemma. In fact, as presented 
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in the proof of Lemma 3.4, we split L into four parts. Define 


g= [ X^/^X-KyWsiX-K)-^ 

Jr, 


Let r = 


BjQ = 


i i. For Bi, Lemma 13.21 and Holder inequality give 

z q 


gdX. 


\Bif\l < 


< 


[ X^/‘^{X-KyWsiX-K)-^gdX 

Jti 

[ (X-K)-^ ^ dX\\g\\, 

Jp r—^r ^ 2^2 


< 


c\\g\\, [ y/^-^dx 

Jri 


<C\\gh. 

Denote the resolvent set of K in by pi 2 {K) and the resolvent set (spectrum) of iL in n 
by pi 2 f-^ii{K) (cjp 2 pi^i(iL) respectively). The domain of iL in n U is taken as n 
We claim pi 2 {K) C p]^ 2 f-)ir{K). In fact, let g £ D L^, X G pi^ 2 {K), the definition of resolvent 
set gives f £ for which it holds g = {K — X) f namely 


f -A/i + n/i - A/i + Hi(ai)/i - V 2 (ai )/2 = gi 
\ A/2 - ri/2 - A/2 + V2{ai)fi - Vi{ai)f2 = g2 

Holder inequality implies gi — Vi(ai)/i + H 2 (ai )/2 £ L''. Therefore we have 


(4.26) 


-A/i + (n - A)/i G L\ 

Since ri — A ^ (—oo, 0], — A/i + (ri — A) is invertible in L'", which can be proved by the integral 
expression of the resolvent of A. Hence /i G L^, again by the first equation in (I4.26P we have 
A/i G L^, thus fi £ The same arguments show /2 G by which we have proved our 

claim. In other words, we have proved (Tp2Qpr(iL) C (7^2(iL), which indicates for A G r2Ur3Ur4, 


(A-AT) 


-1 


< C. 


L^nL^^L^nL'^ 

Hence by Holder inequality and the boundedness of Tj where j £ {2,3,4}, we obtain 


WBjgW, < 


A"/2(A - iL)"V 3 (A - K)-^gdX 


< [ A"/2 (X-K) 
<C^ll5ll2- 


-1 


L^nL^^L’TiL'^ 


+ ll^3|loo) ||(A-i^)"' 


2->-2 


dX\\g\\r 
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Lemma 4.6. Let r = 1^, then 


K^/‘^g - Hfg 


<C\\gh. 


Proof Prom the proof of Lemma 13.41 


K^/^g-Hfg 


\^l\\-K)-W{\-HQ)-^g 


The same arguments in the proof of Lemma 14.51 yield our Lemma. 
Lemma 4.7. Let r = 1+, {p,r) is an admissible pair. Then 


\\M\L-Lr<Cih-^m\Jv\^g\\^^^,. 

Proof Let ^ = ^ + |- Lemma 14.61 fractional Leibnitz formula, Lemma 13.41 Corollary 13.71 and 
Lemma 13.81 imply 


\\Ag\l < 

< 

< 


t^Hf[U{t)V{t)U{-t)g] + V{t)\Jvrg +C V{t)g 


fU{t)V{t)U{-t)g 
fU{t)V{t) 




+ 


V{t)\x\^ \\\Jv\^gy-^+f-%\\, Vit)\x 


]ys ,2 

<; 1 11 „ll I llll 7_.l'S„ll I /^+s —1| 


+ \\fU{-t)g\\^.,, V{t) +C\\\Jv\^gU-^ + Ct 


±S-1\ 


+ Ct-^\Jvrg\\, + Ct^-^g\\, 


<C\\\Jv\'g\y-^ <C\\P2\Jv\'g\\L^L,t 


-1 


where 

rW = [MW-MM)l( » TO' 

Lemma 4.8. Let r = , {p,r) is an admissible pair. Define iD~^U{t)B{s)U{—t)g = B{s)g, 

then 

||-®('S)5|Tp£,r ^ C{h ^)||P2|>^1/| dllLf^Ll' 

Proof Thanks to Lemma 14.51 Corollary 13.71 and Lemma 13.81 it is easy to see 


\iD-^P 2 U{t)B{s)Ui-t)g\\ 


LUl - 11*^* - 


— 11^* ^IIlTI'^vI 5|Il^l2 


<c{h-y\P2\Jvy{t)y^L,. 

Lemma 4.9. Let r = 1^, {p,r) is an admissible pair. Then 


\Jv\'D, 
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\JvTD^ 

\JvYD, 


< c mJvYoWl^L^ + + mJvYgW^^l .. 

^X 




<C\\P2 \JvYg\\l^L., 


where j = 1 , 2 ,3. 
Proof Prom (I4.21|] . 


LfLZ 


\Jv\^Do 

L 

We can write as = e“®^ 


<C\\\j'\f + \oo'\f\\LP <CM^t-^\\^p <CM^. 

/q [^1 + A 2 + A 3 + A 4 + A](l - T)dT, where 


=f{^ + Tgf{g^ + Tg)F''{\ip + Tg\^), 
^2 = 2|5|^(</? + rgfip + TgF"(l(p + r^p), 

^3 = (gf(<fi + T5)^F"(|<y9 + rgl^), 

A4 = 2 f(p + TgF'{\(f + T^l^), 

A = MgfiP + 'rg)F'{\(p + Tg\^), 


We take A 3 as an example to illustrate how to bound them. Define ^ 5 + |, {v} = (FivY- 

Then from Lemma 14.61 fractional Leibnitz formula, Lemma 3.5, ProDosition ll.il we obtain 


\Jv\" {(gfi^ + TgfF"{\ip + rgf)'^ 

U{-t) i^{gf{(p + TgfF''{\ip + Tg\^)^ 


< F 

< 

< F 




+ CF 


-\ 2 , 


{if + TgfF"{\ip + Tg\‘ 


M{-3t){(p + TgfF''{\ip + Tg\^){M{t)g){M{t)g) 




+ CF 


M{-3t){(p + TgfF"{\ip + Tg\^) 

+ CF\\g\\l, 

<F M{-3t){(p + TgfF"{\ip + Tg\‘^) 

+ CF\\g\t 

<F M{-3t){(p + TgfF"{\ip + Tg\‘^) 


H 2 


H 2 ' 


+ f 


loo 11 ^ Wq 


100 
\ 3 771// / 


M{-3t){ip + rgfF'Wip + Tg\^) {M{t)gf 


+ CF\\M{t)g\\Hs\\g\\ 




JJ2 Iiaiiooiiaiiq 


+ C\\\JvrgUg\L + Cf\\9\ 


2 

00 


< t 


s-2 


|x| i^p + rg) F''{\ip + Tg\ ) J\g\\^\\g\\g +1 


s-l 


kl + TgfF'''{\ip + Tg\^)^ 


II 5 II 00 II 5 I 


+ F 

s-2 


(^{(p + TgfF"{\(p + Tgf)'^ 


Il5llooll5ll, + ^III«/V^r5l 


2 iiy iloo 


+ CF 


< t 


00 M 5 


+ 


I |2 

g 


NIooNL + IIN 5II2 W 


0011^ IIg 


m—3 
00 


+ 


+ C\\\Jv\^g\\ 2 \\g\L + Ct 


+ C'i1l5'llooll5'l 


00 ii-^ IIO' 


I n—3 
100 
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^^s+2-s(n-l) |p^|..||n-l ^^.-(n-2)s || | J^|^^||--2 . 


IPvIVII 


m—2 

2 


Since s = | , m, n > ^, we get the estimates of D 4 in LemmaSince the proofs of Di, D 2 , 
Z ?3 are almost the same, we only give the proof of D 3 . Lemma 14.61 fractional Leibnitz formula 
and Lemma 3.5 give 


\Jv\^D 3 
< t 


< Ct 


a(t) 


< 


f-ayt) 

/ U{-t) {[F''{ip^{T))ip^{T)ipa{T)+F'{ip^{T))ip{T)ipa{T)]g]dT 

J ai 

pa(t) 

/ U{-t) {[F"{<f‘^{T))(p^{T)ipaiT) + F'{(p^{T))<f{T)(pa{T)]g} dr 

J Ql 

pa(t) 

Cf / \\M{-2t)[F"{if'^{T))ip^{T)ipa{r) + F'{ip‘^{T))(p{T)ipa{T)\M{t)g\\^,^,dT+ 

J OL^ 


+ Ct 


\'r]\\\^,,2\\g\\qdT 


+ CF \a{t) — ail ||( 7||2 

< CF / \\M{- 2 t)[F"{(p‘^{T))(p^{T)(paiT) + F'(<f‘^(T))<f(T)ipa(l 

J CX.\ 

ra{t) 

+ CF / \\M{- 2 t)[F''{(f‘^{T))<p^{T)<PaiT) + F'{(p‘^{T))(p{T)<PaiT)]\\^\\M{t)g\\^,, 2 dT 

J a\ 

+ CF |a(t) — ail ||5r||2 

< CF |a(t) - ail ||g||g + C |a(t) - ai| ||| Jyl^glla + CF |a(t) - ai| II5II2 

< C|a(t) - ail |||Jy|^5ll2 
<Ct *'''^|||./l/| ffllL?°L2, 


where we have (4.23) in the last inequality. 


4.2 Proof of main Theorem 

Applying | Ji/|® and P 2 to equation (12.131) . then by commutator relations (14.251) . we obtain 


idtP2\Jv\"g-KP2\Jv\"g-P2\Jv\"D = P2 {B{s)g + Ag) . 


From Lemma 14.71 Lemma 14.81 Lemma 14.91 and Strichartz estimates (see J. Krieger, W. Schlag 
m). we have 


mJvfghrLi < \JvfD 


PtLl 


+ + lls/ilb 
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< 11^21^1/1^511™ + mM^gwi^Li +11^^21 + ii^’2i Ji/r^ii™ 

+ \\P2\Jv\^g\\r-\i + \\P^\Jv\'9\\r-\i + C{h-^)\\P2\Jvfgh^L. + CWgnh. 

If h is large enough, || 5 h||s is sufficiently small, from standard continuity method, we obtain 

M<\\P2\Jv\g\\Lf^Ll<C. 

Thus (I4.21|) implies, 7 , w have limits 700 , Woo- Consequently, we can introduce the limit trajectory 
a+{t): 

poo 

/3+(t) = w+t + 7+,a;+= a;oo,7+= / (w(r) - a;oo)dr. 

Jo 

Obviously, a{t) — a+{t) = as t —>■ 00 . Hence, the limit soliton w{x; a+{t)) aries, and 

w{x; cr{t)) — w{x] (T+(t)) = 

in the space of L‘^f\L°°. Introduce transformation x = g{x,t), ‘hoo = —/3+(t). Repeat the 

construction in section 2 to section 4, with the operator K, P2 replaced by R+, Pc(R+), where 

-A-a;+ \fViia+) -R 2 («+) \ 

A + a;+ \V2ia+) -Ri(a+) / ' 

Then we can also prove ||x||oo < Ct~^, therefore, we have obtained 

u = w{x; a+{t)) + X + 

Combined with the estimate of X) Theorem 1.1 follows. 



5 Appendix A 

First we prove ||u|x |||2 < C{t + 1). ux satisfies 


idt{xu) = — (Art) x — F{\u\^)ux, 


(5.27) 


Multiplying (|5.27|) by ux, then taking the imaginary part, we have 

[ (Vr 

Jk 


^ ^ III I l|2 9T 
\x\ U r, = 2im 

2dt .. 


'Uj XU. 


Namely, 


— |||x|u ||2 < C\\\x\u\\ 2 . 
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Gronwall’s inequality yields ||u|x |||2 < C{t + 1). Second, we prove ||u'|x |||2 < C{1 + t^). The 
equation for u'x is 

idt{xu') = — (An') x — F'{\u'^){u'u + u'u)ux — F(|n|^)n'x. 


Multiplying the above formula with u'x, taking the imaginary part, we obtain 


d III I /112 ^ 11 //11 

^||kh||2< ||n II2 


<lln"|L|||x|n'||, + ||n'||M||n|C-3 + ||nC3 


X n 


Since ||n||j :^2 is bounded, from Sobolev imbedding theorem, it follows, 


d III I ,||2 


<C\\\x\u'\\^ + Ct^ + C. 


2 

2 • 


Therefore, 

^ (|||x|n'||2 + l) < C'(t2 + 2)(^|||x|n'||2 + l) ' . 

Gronwall’s inequality implies |||x| u '\\2 < (^(t^ + l). Third, we prove ||n|xp ||2 < C{t'^ + 1). Similar 
arguments as the first step, we can show 


1 |2 

X U 

2 

< c 

f /- 3 
uux 

< c 

to 

g 


2 

Jr 


1 ' ' 1 


x\u' 2 < C{t^ + 1) 


IxPn 


2 


Again by Gronwall inequality, we get the desired result. 
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